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ABSTRACT

Theoretical studies have been carried out to investigate the scattering of light
by spherical aerosols with the objective to obtain basic information useful for
practical applications. Numerical data for Mie scattering have been analyzed to
find general trends, to simplify interpolation problems, and to establish simple
relationships between important parameters. Results of the research are given
in the form of abstracts of 10 scientific reports and 6 related papers issued
during the course of this contract. Revisions and additions to each report are
given. An extensive bibliography of tables concerning Mie scattering and an atlas
of scattering diagrams for six refractive indices from n = 1. 1 to 1. 5 and a= 0. 5
(0. 5) 10 are given as appendixes.
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L INTRODUCTION

The scattering of light by aerosols poses interesting theoretical as well as
experimental problems. The atmosphere contains large quantities of particular
matter, which herein are called "dust," that affect direct (solar) and diffuse
radiation. Scattering and absorption of light occur not only in the ultraviolet
(UV) and visible spectral range, but also in the atmospheric windows of the
infrared (IR). Dust consists of particles which differ in size and chemical
composition. The natural aerosol population in the troposphere is composed of
particles originating from the ground. In the stratosphere, Junge (1961) has
suggested that the natural population consists of three families: (a) one of
tropospheric origin in the size range of less than 0. 1 micron, (b) one of strato-
spheric origin in the size range between 0. 1 and 1. 0 micron, and (c) one of
extraterrestrial origin in the size range greater than 1. 0 micron. As to the
chemical composition of stratospheric aerosols, particles composed of ammonium
persulfate and ammonium sulfate make up almost all of the aerosol in the radius
range from 0. 1 to 1. 5 microns,which particles, in turn, make up more than
90 percent of the total mass of the aerosol.

Light is scattered in the atmosphere by the molecules and the aerosol, and
attempts have been made to infer the size distribution and altitude distribution
of aerosols by using this effect; one of the more recent is that of Newkirk and
Eddy (1963).

To interpret experimental results based on scattering of light, the theoretical
data have to be available in a useful form. Nowadays, scattering functions can
be computed for any size and any refractive index by electronic computers.
Hence, no difficulty arises in getting the basic numerical data; but this is only
the beginning because, in designing the experiments, it is helpful to have a
feeling for how large the effect of aerosol scattering will be. In some cases,
one desires to maximize the scattering effect; in other cases, one wants to
minimize it. Furthermore, it is helpful to know the angular distribution of the
scattering intensity and polarization. A point one has to watch out for is
the uniqueness of the solution. This important point has to be checked very
carefully. Identical scattering coefficients exist for different size parameters
(within particular size ranges) because of the oscillating nature of the functions;
or,to express it in physical terms, interference.

The purpose of this contract was to investigate theoretical scattering data
computed by electronic computers for various refractive indices and size
ranges to find general trends, simple but for experimental work accurate
enough interpolation methods, and approximations useful for rough calculations.
The work accomplished has been reported in scientific reports, which are
summarized in this final report. Revisions and additions to each report are
given if new information was obtained after the report was completed, or if
later studies necessitated revisions of the original findings.

"--
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The applications of our results are manifold, and since scattering by spherical
particles has been proven as an extremely helpful tool in many disciplines, no
listing of possible applications of the results will be given.

References

Junge, C. E., C. W. Chagnon, and J. E. Manson, J. Meteorol. 18, 81
(1961).
Newkirk, G. and J. A. Eddy, J. Atmos. Sci°(to be published in 1963).
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II. SCIENTIFIC RESULTS

In this section, a short description of the highlights of the results will be
attempted. Three areas have been investigated: (a) the total scattering coef-
ficients, (b) the forward scattering, and (c) the angular scattering coefficients.

2. 1 TOTAL SCATTERING COEFFICIENT

The total scattering coefficient K has been investigated to find an approximation
method which allows to construct a curve of K versus 0, the size parameter,
for any refractive index n < 2. Maxima and minima of K occur at specific size
parameters. Choosing a normalized size parameter p= 2 a (n - 1). it was
found that

Py 21 (y + 1/4) (1)

is a good approximation; the subscript y stands for the order of the extreme
values, y = I 2, ... ; the + sign applies to the maxima, the - sign to the
minima. For n = 1, equation (1) is correct; but for n > 1, a correction term
should be added, so that

py n = 21r (y + l/ 4) + 0.3 (n- 1) (2)

represents the best approximation.

The absolute value of Ky at the extreme values has also been obtained. It was
found that a resonably good approximation for a smoothed extreme value K.
can be described by

+ 4 4 29M 51M
- + + (3)

Py ; i Py py 2

for the maxima, and

4 4 8.O1M 27.3M
=2--+ -+- (4)

Py Py Py py 2

for the minima. Here M = (n 2 - 1) / (n 2 + 2). A graphical method to determine
smoothed K for any aand any n has been described, based on computations of

Pyt WIy, and K" only.
y-y

-3-



Another problem, which has been tackled, concerns the absorption and scattering
coefficients for small aerosols. Exact derivations of the equations for K(e),
K (a ), and K(O) have been obtained. The asymptotic expansion of the exact solu-
tion is given, where the leading term is identical with the Rayleigh approximation.

For nonabsorbing spheres, the total scattering coefficient for small size param-
eters is

8 n - ?[I + 26 ___ 2 22

K RRR [3 + (2
3 n

+ Of4 3 (n6 +41 n4 -284 n 2 + 284

17 ~ (n2 + )2 4

+ 1 ) 5 + (2 n2 + 3)21 (5)900 2+

For all practical purposes, the error remains below + 1 percent to n = 1. 4
and a <1. For n-2, the error reached 15 percent at a= 1. Figure 3 in
Scientific Report 3 shows the error as function of aand n and can be used as
a reliable guide in determining the upper limits of aand n for which equation
(3) is useful.

For absorbing spheres, the complex index of refraction

A = n - iX (6)

has to be used, and the total extinction coefficient for small size parameters
is given by
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24nx [45 20 nX
K(e) - a + - nX +

RR Z I  3Z 2

( 7 (n2+x2)2+ 4(n 2 - X2  3

-- [(n+4 x2)+4 nd~Z2]36z 7

Z 2 4n 2) 2 ( 2  2  92
with

z +A?) 2+ 4 (n2 -X2) +4, and

Z 2 4(n 2 + X 2)+12 (n 2 - X 2 ) +9.

The total scattering coefficient is given by

K( ) =8 X2) 2 2x 2 + 36n2X2 .4

R.R 3 Z2~
I

6 n+24 C

5 Z1 3 Z

and the total absorption coefficient as

R(a) =KR(e) (s)R(9(K> KRle mKR 1

t : " • -5-



or

(a) 24nX [4 20nXK~a  - - n X +

RR ZL 15 3 Z2

(n2fl+xZ )+4(n 2 - x25)l 3
+ 4. 8nX +2

Z2

4
- 192 , , (10)

leaving out higher terms in equation (8) because terms with o5 have already
been left out in equation (5).

Again the error against the exact solution has been determined (figures 7 and
11 in Scientific Report 3), showing that these formulas are useful for a< I if
n <2 and X< 1.

These formulas, equations (5) to (9), are very useful because this small size
range is difficult to compute using the exact Mie equations since the two recur-
sion relations which provide the input for the first term are losing all eight
significant figures for K(a) for large n, and X in the normal programming pro-
cedure. It is therefore helpful to use these equations for W and very small
values of o, where special methods have to be employed to obtain reliable
results using the exact Mie equations.

2.2 FORWARD SCATTERING

The forward scattering has been investigated because of its fundamental
importance, and results are given for the range of n = 1. 1 to n = 2. Again,
the major oscillations appear as in K, and also the ripples. The advantages
of various scattering parameters are outlined, showing the importance of the
phase function PM" The interpolation for small and large size parameters is
possible because approximation formulas have been developed for the occurrence
of the first "plateau, "1 its width, the position of succeeding plateaus, as well
as asymptotic values for large .

The practical limits of the Rayleigh, Mie, and diffractive regions have been
determined as function of 0t and n.
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2. 3 ANGULAR SCATTERING COEFFICIENTS

A large part of the effort has been devoted to an interpretation of the angular
scattering coefficients ii and i2 for the refractive indices n = 1. 33 to 1. 5. The

objective has been to compose an atlas of angular scattering coefficients,
which is now completed and given as appendix 6. 2. Since the basic data are

computed in steps of 5 degrees (for n 1. 33)andl0 degrees (for all other refrac-
tive indices), interpolative methods had to be devised so that continuous curves

for the scattering coefficients could be drawn. It was found that the "altitude
chart" offers the best method for graphically interpolating scattering data. It
is important to find systems for the maxima (bright rings) and minima (dark
rings) because the interpolation of the computed data is very much simplified
if the angular position and the absolute value of the extreme values of i i and
i 2 are know.

Many different and laborious attempts have been made to find a systematic
behavior of the maxima and minima and to understand it. All the data have
been investigated again, and the present position, modifying earlier results
reported in Scientific Reports 4, 5, and 10, follows. It is believed now that
the first interpretation of the systematic behavior of the bright and dark rings
is not always correct.

For graphical interpolation, the "altitude chart" method has been developed
for il, i., and i6 and described in Scientific Reports 5 and 10. Based on the
recent experience in finding a system for the diffractive as well as the reflec-
tive minima, it would seem that this altitude chart can be improved. The new
altitude chart is based on the two parameters u ot sin 0 and a, instead of u
and p . Hence, one can use the symmetry at 0 = 90 degrees and have two
separate areas; i. e., one for 8= 0 to 90 degress, and the other for 0 = 90 to

180 degrees; at 0 = 90 degrees the two systems become identical. Ordinate
a and abscissa u = o sin 0 are used, covering all angles between @ = 0 and
90 degrees. At 6 90 degrees, the system is changed so that, for the realm
o = 90 to 180 degrees, the abscissa is aand the ordinate u' = asin 0', where
0' = I- & In figure 1, a schema of the new altitude chart is shown. It will

be seen, in the examples which follow, that the diffractive minima and maxima

are starting now at the top and move downward, whereas in the old system they
start at the right-hand side, move horizontally to the left-hand side, a knee

appears at 0 = 90 degrees, and only in the forward scattering area do they move
downward. The reflective minima will now move more or less horizontally

from left to right hand, whereas in the old system each one possesses a

different inclination to the basic parameters pand u. It is believed that this

new altitude chart is better than the old chart in recognizing the two basic
systems, especially around 8 = 90 degrees, in aiding the interpolation and in

determining the position and depth of the minima at points of interference of

the diffractive and reflective systems.
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New diagrams of the angular position of maxima and minima have been con-
structed in the range n = 1. 05 to 1. 5. where the data for n = 1. 05 to 1. 3 are
taken from Pangonis and Heller (1960), those for n = 1. 486 from Rowell
(1963), and the rest from the Penndorf and Goldberg tabulations (1953).
Rowell's data are extremely valuable because they are based on computations
in steps of A8 = I degree. However, they are available only in diagrams and
had to be transformed into their system. For ils the position of the trenches
could also be determined from his diagram. Several samples are selected from
the present collection of diagrams of angular position of maxima and minima
(figures 2 and 4) and modified altitude charts (figures 3 and 5). For n < 1. 33,
both the maxima (solid line) and minima (dashed line) are shown; for larger
refractive indices only the minima, otherwise the diagrams would appear
overloaded. The results for the complete collection are discussed, but it is
not believed necessary to show them all.

For i 1 , a < 7, and low refractive indices (n< 1. 15), only diffraction plays a
role; and the system of maxima and minima presents itself in a very simple
fashion not only in figure 3 but also in figure 2. For n = 1. 2, the first dis-
turbance in the diffractive system is noted; i. e. , the effect of internal reflec-
tion and refraction (reflective system for short). This disturbance begins in
the backscattering area and becomes much clearer for n = 1. 25 and 1. 3 than
for n = 1. 2, and finally for n >1. 3, only the first diffractive minimum remains
undistrubed.

The reflective system starts for such refractive indices in the backward area
and moves toward larger scattering angles as figure 2 indicates and more or
less horizontal in the altitude charts (figure 3). The case for n = 1. 3 is a
good example of this behavior. The first diffractive minimum (solid line) is
undisturbed moving from top to bottom. A maximum (dashed line) and a
minimum start at about cc=2. 7 and u' = 1. 4 (all extrema start as pairs); they
follow the diffractive system rather well. The next pair of extrema starts
at about a= 3. 9 and u' = 1. 6. This pair is primarily caused by reflection,
and it moves more or less horizontally from left to right hand, some ripples
being superimposed. The pair starting at about Ci= 4. 7 and u' = 4. 1 is part
of the diffractive system, whereas the next pair at at = 5. 7 and u' = 4. 7 belongs
to a reflective system. The position of the trenches (on the minima) and the
peaks (on the maxima) are shown by large dots. The dots can be connected to
distinguish the two systems. Dotted lines represent the minima of the dif-
fractive system, thin solid lines the minima of the reflective system, and thin
dashed lines the maxima of the reflective system.

It is quite obvious from this and other diagrams in figure 3 that trenches appear
always at the intersection of the minima of the two basic systems and peaks at
the intersection of the maxima of the two basic systems. If a minimum of one
system intersects with a maximum of the other system, the minima or the

-9-
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maxima are shallow. This is also the position where a system may suddenly
"vanish," or where an analysis of the minima suddenly jumps from one system

into the other system. Theoretically, this can be explained on the basis of
ray optics. At the intersection of the two systems, both rays are of opposite
phase, so that the intensity becomes extremely low. For the maxima, the
two systems must be in phase so that the intensity reaches peaks. It seems
possible to investigate this phase effect for some of the points and corroborate
intuition. The cases for n = 1. 33 and n = 1. 486 are the best examples for
this interpretation although only the minima are shown.

For the intensity function i2 , the conditions are somewhat different because
the minimum around 8 = 90 degrees exercises a dominant influence. This
situation presents itself already for r, = 1. 05 (figures 4 and 5). The dif-
fractive minima and maxima can be interpolated around 8 = 90 degrees (dotted
lines), and they cross each other where they intersect the 90-degree min-
imum. The 90-degree minimum moves always into the backward area
where it intersects the diffractive minima. Some of this behavior is seen
better in figure 4 than in figure 5. For n = 1. 15, the matter starts to look
more complicated because the second and third diffractive minimum does
not startat 8=180 degrees,but a pair of maxima and minima starts around
135 and 150 degrees. The case for n = 1. 20 (figures 4 and 5) shows the con-
dition very well. The minimum starting at 8 = 90 degrees for a= 0. 1 under-
goes large angular fluctuations between 8 = 100 and 140 degrees; its behavior
is best seen in the altitude chart, where it follows a diffractive minimum
for a while and then moves suddenly to large scattering angles until it meets
the next diffractive minimum. The first reflective system is indicated by
these sharp tips. Inflective points, instead of well developed minima, are
shown by the sign -'. The altitude chartfor n= 1. 3 allows to find the first and
second reflective system very clearly, and figure 5 shows the qolution for n = 1. 33
and n = 1. 486 as the best examples for the existence of these two systems. The
minima for i 2 and small a, say, Ck below 6, are very often interrupted, they just
"disappear" on figure 4; but the altitude charts reveal clearly that two systems
exist, and the position of the minima can be interpolated without difficulty.

On the various diagrams, the diffractive minima have been interpolated (dotted
lines) through the backscattering area to 6 = 180 degrees. The value for 8 =
180 degrees has been computed according to the following scheme. It was in-
vestigated whether a system existed for the beginning of the diffractive minima
at 6 = 180 degrees. Finally, such a system emerged, so that for ij and i 2

ajz:J [ I+ j ( .1 -2n +n21 (11)

where a. denotes the a value at which a new diffractive minimum begins at
6 = 180 fiegrees, and j = 1,2,3 stands for the first, second, third ..... diffrac-
tive minimum. Thus, one is able to draw the "undisturbed" curve for each dif-
fractive minimum (dotted line). A system must also exist for the reflective
minima, but so far an approximation formula has not been found.
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The difference between succeeding minima is then given by

Aq = - (ff -- g) - -f+ _Z (n 2

n 4 4 4

I (f. ). ! I1-I (n-1)2]. (12)
n 4 4

These approximation formulas are valid only for n < 1.5; they have not been
checked for n > 1.5.

In summary, graphical methods for interpolation of computed data have been
developed which promise to lead to reliable interpolation for practical applica-
tion of the Mie theory.
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III. CONTENT OF SCIENTIFIC REPORTS

Scientific Report 1, Results of an Approximation Method to the Mie Theory
for Colloidal Spheres, by R. Penndorf, AFCRC-TN-59-608, RAD-TR-59-38
(September 1959), 43p.

"An approximation method is outlined for computing the total Mie scatter-
ing coefficient K in aerosols using infrared light sources. The method is
valid for any size parameter a, from small to very large spheres, and
any arbitrary real refractive index n < 2. Analytical expressions are de-
veloped for the phase and the amplitud'e of K at the maxima and minima.
The constants in these analytical expressions are determined from existing
data computed by the exact Mie theory. Finally, a graphical interpolation
process allows for determination of K for any arbitrary size. This method
leads to an accuracy of *2 or 3 percent for K as compared with results ob-
tained by the Mie theory.

"This approximation method is than applied to 14 refractive indices n between
1.05 and 2.0. The results for smoothed R values are listed for the range
a = 0. 2 (0. 2) 30 (0. 5) 40, which is considered sufficient for most applica-
tions. For very large spheres, the laws of geometrical optics can be used
successfully. Graphical representations of all cases are also included.
From these figures, the appropriate K value can be read off directly for
any given size parameter, and also for any given radius of the aerosol
particle, if the wavelength of the incoming infrared radiation is selected."

Scientific Report 2, Mie Scattering in the Forward Area, by R. Penndorf,
AFCRC-TN-60-285, RAD-TR-60-10 (February 1960), 8 7p.

"The scatteringof light is investigated from a theoretical point of view.
After explaining the basic Mie formulas, several useful scattering functions
are defined, such as the angular Mie scattering coefficient ie and the Mie
phase functions PM" Next, the scattering pattern for the forward. sideward,
and backward area is briefly described, followed by a very detailed investi-
gation for the forward direction, which is based on all available data com-
puted according to the Mie formulas. A wide range of refractive indices n
from n = 1.05 to n = 2.0 has been selected, and all values of iq and pM are
extensively listed in the appendix. The behavior of these scattering coeffi-
cients is investigated and described in detail. It is found that, for example,
while ig shows major oscillations, only plateaus are found for PM' and their
width is related to the refractive index. The amplitude of the major oscilla-
tion decreases with increasing size parameter. Superimposed on these os-
cillations are ripples, the phase of which agrees exactly with the phase of
the ripples for the total scattering coefficient K. Several ripple systems
are noted, and some regularity in their appearance is clearly indicated.
The multivalueness of the scattering function and its consequences are also
pointed out.
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"This is followed by a careful investigation of practical limits for the Mie
region, which can be defined only arbitrarily. The lower limit against the

Rayleigh region is defined by a "crossover" between the Rayleigh scattering
coefficient and the Mie scattering coefficient. The upper limit against the
geometrical optics region is defined by the lowest a value for which the
ratio PM - PR/PM reaches a value of less than 25 percent. Consequently
in the geometrical optics region, this ratio always remains below 25 per-
cent. For n = 1.33 for example, the true Mie region extends from o = 4.7

to a = 25, and for this region, there is no other choice except that of using
Mie's formulas whereas simple formulas can be applied successfully below

and above these limits.

"Furthermore, methods are developed for computing the scattering functions
by simple means. Those given for the extended Rayleigh region, and the
geometrical optics region, lead to acceptable values for practical problems,
and errors can easily be reduced to less than 10 percent. A new approxi-
mation method, derived from the cross section theorem, is developed. Since
total scattering coefficients K are known to a very large extent, this new
method, which uses only K to determine the scattering functions in the for-
ward direction, can become of great value for a > 5. Its accuracy is care-
fully estimated, and it is found that the errors will stay below 10 percent
with a few exceptions for small particle sizes and will decrease rapidly
with increasing size of the aerosol.

"Finally, applications of these theoretical data are given to compute the
angular Mie cross section and the volume scattering coefficient by a
graphical method. These scattering values can be derived also for given

size distributions of the aerosol."

Corrections

page 2, paragraph 3, line 2, < 3 x 10" 6 cm instead of < 3 x 10 6 cm.

page 12, Ordinate, angular scattering coefficient values for n = 1. 75
revised; see figure... below.

page 21, Table I, extended in Table I of Scientific Report 7.

page 31, Table II, extended and revised in Table II of Scientific Report?.

page 34, Table HI, extended and revised in Table III of Scientific Re-

port 7.

page 38, Table IV, extended and revised in Table IV of Scientific Re-

port 7.
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page 41, Figure 16, the area 1.6 <n< 2.0 can be revised based on
new data.

page 42, Figure 17, the curve for n = 1.5 can be revised for n > 30
using the publications by Giese, Bullrich, and de Barry (1962).

page 53, Figure 19, arrow on right-hand side goes in wrong direction.

Scientific Report 3, Scattering Coefficients for Absorbing and Nonabsorbing
Aerosols, by R. Penndorf, AFCRL-TN-60-667, RAD-TR-60-27 (October 1960),
9 2 p.

"Applied problems involving light scattering by aerosols demand reliable
numerical data of the scattering and absorption coefficients. When the size
of the aerosol is smaller than the wavelength of the incident light, approxi-
mation formulas can be derived from the Mie theory. The asymptotic ex-
pansion of the exact solution is given, where the leading term is identical
with the Rayleigh approximation. For the first time, the first three terms
as function of the size parameter a are correctly derived for nonabsorbing,
absorbing, and metallic spherical particles. Next, the error of our approxi-
mation is determined using one, two, and three terms. This approximation
extends the useful size range by about a factor 2 for nonabsorbing aerosols.

"The new approximation allows for computing the scattering and absorption
coefficients for small aerosols simpler and faster than the Mie formula.
Numerical results are given for nonabsorbing aerosols having refractive
indices between n = I and n = 2. For absorbing spheres, the numerical
values are given for the coefficients in the appropriate formulas. A wide
range of indices of refraction Wn = n - ix are selected, values between I and
9 are chosen for n and between 1 and 4 for X.

"A comparison is made between results obtained by the approximation
formulas and the Mie formulas forW = 1.25 - ix, ?= 1.29- ix, Tf= 1.50-ix,
and It = 1. 75 - ix. The new approximation formulas lead to errors in the
total extinction coefficient K(e) of less than 20 percent if e < 0. 8 and x < 1.
The ratio K(4)/K(e) shows that our formulas can be used up to at = 1.0 be-
cause the error resulting from the approximations remains small and within
tolerable limits.

"Finally, numerical data are computed for f = 1. 29 - ix, If = 1. 33 - ix, and
= 1.40 - ix. For the case If'= 1.29 - ix, a complete new set of K(e) values

has been derived to &= 7 by carefully interpolating those new data as well
as other existing data."
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Corrections

page 15, pararaph 3, the statement made is wrong. van de Hulst's
formula for Ke is correct. It leads to the correct formula in agree-
ment with equaion (17a), provided that n = n - ix is inserted for m in
van de Hulst's formula.

page 44, paragraph 4, last sentence, change signs to read: "For the

chosen values, the error ranges for O= 1 from -11 to -30 percent

for n = 1. 25, from 3 to -6 percent for n = 1. 5, and from 10 to 16 per-

cent for n = 1. 75."

page 46, Figure 11, the three refractive indices are n = 1. 25, 1. 50,

and 1. 75.

Scientific Report 4, Bright and Dark Rings, by R. Penndorf, AFCRL-425, RAD-
TR-61-16 (March 1961), 2 4 p.

'The scattering diagrams of spherical aerosols possess maxima and minima,
which can be interpreted as sequences of bright and dark rings. These
rings are investigated for n = 1.10, 1.20, 1.30, 1.33, 1.40, 1.44, and 1.50.

The results show a systematic behavior exists for the appearance of these
rings, such as the number of rings and their regular shift in angular posi-

tion as function of the size parameter ot. For the intensity function i1 , the
rings due to diffraction move with increasing size parameter into the for-
ward scattering area, whereas those caused by refraction and reflection
within the sphere stay in the backward scattering area. The rings appear
first in the backward area as long as the size parameter is small, but from

P > 4 (p = normalized size parameter) on they begin to appear at 80 to 90
degrees; i.e., in the right-angle scattering area. For the intensity func-

tion i2 however, the systematic behavior is poor and ill defined. Never-

theless, some of the basic features are similar to those for il. Finally,
a system similar to i1 exists for the angular Mie scattering coefficient ig.

In the last case, data are given for n = 1. 33 only."

Corrections

page 5, Figure 5, the minima possess no cusp as indicated. The mini-

ma should show a smooth transition occurring somewhat higher than

indicated. The same is true for figures 3 and 4.

page 10, Figure 5-7 should be revised, see the discussion in Scientific
Report 10, page 7. We believe now that our first interpretation, as
given in this report, is not always correct. There are minima which
"vanish" as a increases. The better solution is indicated by figures 3-6

and 3-7 in Scientific Report 10, and in section 11 of this final report.
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Scientific Report 5, Atlas of Scattering Diagrams for n = 1. 33,by R. Penndorf,

AFCRL-1044, RAD-TR-61-32 (October 1961), 6 9p.

"Angular scattering diagrams are constructed for spherical aerosols of re-
fractive index n = 1. 33. They show the intensity function i I and i2 as func-
tion of the scattering angle for size parameters a = 0.5 (0.5) 15. The basic
data have been computed using Mie's theory and graphical interpolation
techniques have been used to fill the gaps.

"The diagrams presented in this atlas allow to determine the intensity func-
tions i I and i 2 for any desired scattering angle with a high degree of re-
liability."

Corrections

Figure 1, the insert is taken from Giese for n = 1.33 and a = 10.

Figure 2, a new schema of an improved altitude chart is discussed in
section II of this final report.

Figure 9, a new interpretation of this figure can be given based on our
discussion in section U of this final report.

page 24, line 3, polynomials.

page 25, Table I, the "number of rings" given under "Penndorf" is now
considered too large. Since some of the minima can "vanish," it is
believed that the number of rings for a > 12 is overestimated. The
"suggested steps of A8 in degrees," however, will not change very
much because the interval between minima can still be on the low side
as indicated.

page 29, it should be added that, in the atlas, i1 is shown by a solid
line and i 2 by a dashed line.

page 56, Dr. Diermendjian (personal communication) informed us that
his values for n = 1.33, 6 = 45 degrees, and 'X = 13, 14, and 15 differ
somewhat from those given in the report. The differences have not
been settled as yet.

Scientific Report 6, Angular Mie Scattering, by R. Penndorf, AFCRL-62-1025,
RAD-TR-62-54 (September 1962), 7p., reprinted from J. Opt. Soc. Am. 52,
402-408 (1962).

"The basic Mie formulas are explained, and several useful scattering func-
tions are defined, such as the angular Mie scattering coefficients i and the
Mie phase function PM" Finally, the scattering pattern for the forward, side-
ward, and backward area is surveyed, based on data for the refractive in-
dex n = 1.33."
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Scientific Report 7, Mie Scattering in the Forward Area, by R. Penndorf,
AFCRL-62-1026, RAD-TR-62-55 (September 1962), 18p., reprinted from In-
frared Phys. 2, 85-102 (1962).

"The scattering of light in the forward area is investigated from a theoreti-
cal point of view, and it is based on all available data computed according
to the Mie formulas. A wide range of refractive indices n from n = 1. 05
to n = 2.0 has been selected. The behavior of these scattering coefficients
is investigated and described in detail. It is found that, for example, while
ia shows major oscillations, only plateaus are found for PM, and their width
is related to the refractive index. The amplitude of the major oscillation
decreases with increasing size parameter. Superimposed on these oscilla-
tions are ripples, the phase of which agrees exactly with the phase of the
ripples for the total scattering coefficient K. Several ripple systems are
noted and some regularity in their appearance is clearly indicated. The
multivalueness of the scattering function and its consequences are also
pointed out. This is followed by a careful investigation of practical limits
for the Rayleigh and the Mie region. "1

Scientific Report 8, Approximation Formula for Forward Scattering, by R. Penndorf,
AFCRL-62-1027, RAD-TR-62-56 (September 1962), 4p., reprinted from 3. Opt.
Soc. Am. 52, 797-800 (1962).

"By using the cross section theorem, an approximation formula is derived
for the scattering of light in the forward direction. It is valid for spherical
aerosols if the radius of the particles is larger than the wavelength of the
incident light. I

Scientific Report 9, Scattering and Extinction Coefficients for Small Absorbing
and Nonabsorbing Aerosols, by R. Penndorf, AFCRL-62-1131, RAD-TR-63-4
(November 1962), 9p., reprinted from 3. Opt. Soc. Am. 52, 896-904 (1962).

"Approximation formulas are derived for small spherical aerosols (r <A)
by using the series expansion of the exact solution (Mie theory). The first
three terms of the series are given for real, complex, and infinite indices
of refraction. The new formulas allow for computing the scattering and ab-
sorption coefficients for small aerosols more simply and faster than the
Mie formulas. The error of our approximation formulas is determined,
and it is found that the useful size range is extended by about a factor 2."

Scientific Report 10, Atlas of Scattering Diagrams for n = 1. 5, by R. Penndorf,
AFCRL-62-1131, RAD-TR-63-9 (January 1963), 46p.

"Angular scattering diagrams are constructed for spherical aerosols of
refractive index n = 1.5. They show the intensity functions i I , 12, and i 1
+ i2 as functions of the scattering angles for s ize parameters= =0.5 (0.5)10.

-25-



"The basic data have been computed using Mie's theory, and a graphical in-

terpolation technique (altitude chart technique) has been used to determine

accurately the position and numerical value of the maxima and minima.

"The scattering diagrams presented in this atlas allow to determine the

intensity functions il, i 2 , and i I - i 2 for any desired scattering angle with

a high degree of reliability. The basic data limit the construction of re-

liable scattering diagrams to a < 10."

Corrections

Figures 3-1 and 3-4 have been inadvertently interchanged.

page 9, Figure 3-4, instead of Figure 3.1.

page 13, Figure 3-1, instead of Figure 3-4.
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IV. ABSTRACTS OF JOURNAL ARTICLES

Penndorf, R., Angular Mie scattering, J. Opt. Soc. Am. 52, 402-408 (1962).

See under Scientific Report 6 for abstract.

Penndorf, R., Scattering and extinction coefficients for small spherical
aerosols, J. Atmos. Sci. 17, 193 (1962).

"Formulas for total scattering and extinction coefficients are given for
small spherical aerosols; the refractive index can be either real or com-
plex. The formulas have been derived from Mie's formula using the series
expansion method. Their limits have been described."

Penndorf, R., Approximation formula for forward scattering, J. Opt. Soc. Am.
52, 797-800 (1962).

See under Scientific Report 8 for abstract.

Penndorf, R., Mie scattering in the forward area, Infrared Phys. 2, 85-102
(1962).

See under Scientific Report 2 for abstract.

Penndorf, R., Scattering and extinction coefficients for small absorbing and
nonabsorbing aerosols, J. Opt. Soc. Am. 52, 896-904 (1962).

See under Scientific Report 9 for abstract.

Penndorf, R., Scattering Diagrams in the Mie Region, Conf. Electromag.
Scat. (ICES), p. 73-86 (1963).

"Scattering diagrams showing the intensity function il as function of the
scattering angle have been constructed for 4 refractive indices between
n = 1. 33 and 1.50. They are given in an atlas for size parameters a = 0. 5
(0. 5) 10 and in the case of n = 1. 33 to a= 15. The basic data have been com-
puted using Mie's theory, and graphical interpolation techniques have been
used to fill the gaps. The various interpolation techniques are discussed in
detail, especially the altitude chart techniques. They are very important to
fill the gaps in the basic data.

"The scattering diagrams allow determination of the intensity functions iI
and i2 for any desired scattering angle with a high degree of reliability.
Examples of the results are shown."
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V. LIST OF SYMPOSIUM PAPERS

Penndorf, R., Approximation Methods to the Mie Scattering Theory for Col-
loidal Spheres, 2nd Conf. Anal. Chem. Nucl. Reac. Tech., Gatlinburg,
Tenn. (1959).

Penndorf, R., Total and Angular Mie Scattering Functions for Spherical Parti-
cles, Am. Opt. Soc. Mtg., Columbus, Ohio (October 1957).

Penndorf, R., Scattering Diagrams in the Mie Region, Conf. Electromag.
Scat. (ICES), Potsdam, New York (August 1962).
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VI. APPENDIXES

6. 1 BIBLIOGRAPHY OF NUMERICAL COMPUTATIONS ON
SCATTERING AND ABSORPTION OF

ELECTROMAGNETIC RADIATION
FOR SPHERICAL PARTICLES
BASED ON THE MIE THEORY

6. 2 ATLAS OF SCATTERING DIAGRAMS FOR n = 1. 1, 1. 2,
1.33, 1.4, 1.44, AND 1.5
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6. 1 BIBLIOGRAPHY OF NUMERICAL COMPUTATIONS ON
SCATTERING AND ABSORPTION OF

ELEC TROMAGNETIC RADIATION
FOR SPHERICAL PARTICLES
BASED ON THE MIE THEORY

CONTENTS

I. Introduction

II. Description of Symbols and Tables

III. Nonabsorbing Spheres

IV. Absorbing Spheres

V. Heterodisperse Systems of Isotropic Spherical Particles

VI. Two or More Concentric Spheres of Different Refractive Index

TABLES

Table I Definitions and Symbols

II Formula for Extinction, Scatteringand Absorption

III Formula for Angular Scattering

IV Abbreviations
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I. INTRODUCTION

This bibliography is based on notes collected over the past 10 years, and it
summarizes what is known about existing numerical computations using the Mie
theory. The computations for single scattering are only considered, and those
for multiple scattering have been excluded.

Lists already exist; for example, some are given by van de Hulst in his book on
pages 165-171 and 273-275, and another by Penndorf (reference 42 in section
3. 3 of this appendix). However, these and similar lists and bibliographies are
superseded by the vast amount of new computations, which are a consequence of
the electronic computers. Hence, there seems to be a need for an updated list.

The user of this bibliography should be familiar with the field. That means he
should have looked in van de Hulst's book, and he should be familiar with the
basic equations; otherwise, the tables will be useless to him. Unfortunately,
no general agreement exists on symbols, and this makes it difficult for the user
of tables scattered over a large number of journals. He should in all cases
read very carefully the definitions of each author, and he should compare them
with those used in van de Hulst's book to derive the proper conversion factors.
It seems hopeless to indicate all the differences and conversion factors in the
following tables.

For reasons of convenience, reference always is made to van de Hulst's book.
It is an excellent book, and it is available in all libraries; whereas, less known
references may be harder to obtain.

-33-



Basic References

van de Hulot, H. C., Light Scattering by Small Particles, Wiley,
New York (1957), 483p.

Hawksley, P. G. W. , [The] Physics of particle size measurements,
Monthly Bull. Brit. Coal Utiliz. Res. Assoc. 15, 105 (1951); 16, 117

(1952); and 16, 181 (1952).

Fishman, M. M. , Light Scattering by Colloid System, An Annotated
Bibliography, Tech. Service Laboratories, River Edge, N. J. (1957),
84p. (Supplement 1958), 10 6 p.

Logan, N. A. and M. E. Sherry, Bibliography on the Theory of Dif-
fraction and Propagation of Radio Waves, AF Cambridge Res. Ctr.,
AFCRC-TR-57-102, ASTIA AD-117044 (1957).

Weil, H., M. L. Barach, and T. A. Kaplan,Scattering of Electro-
magnetic Waves by Spheres (Studies in Radar Cross Sections X), Eng.
Res. Inst., Univ. Michigan, Contract AF30(6,2)-1070, 2255-20-T (1956).

Morse, P. M. and H. Feshbach Methods of Theoretical Physics,
McGraw-Hill, New York (1953).
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II. IZIsCIPTION OF SMS AND TABLES

To understand the tables listed in this report, the following quanti-

ties and formilas are needed. We have excluded a discussion and listing

of all auxiliary functions, such as Bessel functions and Legendre poly-

nomials; some of these can be found on p. 165 in v.d. Hulst's book, al-

though his list is incomplete.

The definitions, symbols, and formula are arranged in tabular form,

similar to Hawksley's. This seem to be the most concise form. Table 1

contains the definitions and symbols, Table II the formula for total ex-

tinction and scattering, Table III the formula for angular scattering, and

Table IV the abbreviations used in sections III to V.

Some notes and explanations are deemed advisable.

1. The refractive index is

W. n - iK. (1)

This is the complex index of refraction; for a nonabsorbing particle IV - 0.

Some authors prefer the symbol m instead of '. So far no agreement exists

about the use of a or n. The SUN Comssion (Phsics to-day, 1962) suggest

the symbol n. We should also note that some authors prefer

n- n (l I) (2)

In addition, the dielectric constant

-m C - iL" (3)

Is given, especially in radar work. This can be converted into I by stand-

ard prooedure(

2. The total I.e coefficients K, e, Ke , L pose no problem, ex-

**t K/2 Is given In the older literature.

3. The gEm .soatter1r coefficients are 1i, 12. The scatter-
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ing angle in the forward direction is defined as Q - 00, in agreement with

v.d. Hulst and the present-day use. In the older literature it will be

found that 0' - 1800 is defined as the forward direction, which goes back

to Mie's definition. However, the use of 0 = 00 for forward scattering is

advisable, and our tables are listing the scattering angle in our defini-

tion irrespective of what definition the author used.

Since this mix-up introduces difficulties in using the literature

properly, a special symbol (0) is added in our lists to indicate to the

reader that he has to look out for the definitions used by the author.

Some authors do not tabulate i1 , i 2 directly, but related quanti-

ties such as i /o 3 , i ' (i1 i 2 )/MW, phase functions, or other quantities.

In those cases we have used the notation i1 , i 2 and qualified it by the

symbol (#) to indicate to the reader that a related quantity is tabulated.

4. The Wie functions are a. , b m. They are useful if additional

computations ae required. Problems arise for two reasons. First the

definition of forward scattering 0' = 1800 instead of 0 = 00 introduces a

constant factor. If a is the Hie function using 0 - 00 for forward scat-
T3

tering and aT that for 0' - 1800 for forward scattering, both are related

by

a- =(-l)"iat

2m +i1

This chagIs important. Secondly, the term 2(m + 1) has been included

in the definition of a, for example by Lowan and by Ounprecht and Sliepoevich.

Dene, their a end b, must deviate from those given in Table II (Sq. 2.5).

5. The radar croos-section o-. The tables indicate by the letter

R that tho quantity has been computed. It is an unfortunate definition but
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so entrenched in the radar literature that it is hopeless to change it.

Equation 3.3 (Table III) and van do Hulot (p.284) show the relationship

between ca and ±1 and 12 * One has to be careful if the author uses polar-

ized or unpolarized radiation for the source or receiver, or both. Hence,

a factor 2 can appear. Again the definitions of the author have to be

watched before using tabulated data.

6. Letters end Symbols. No standard notation exists. Hence,

the reader Vill find all kinds of letters for the same quantity. It seem

hopeless to include such a list, although it can be prepared.

ror example, for the amplitude functions we find

2; ± E, Eand A,, A2 . A complete list of conversion factors,1" $ 'l 2; O;2

although extremly helpful, requires a lot of work but may be needed only

by a few.

Again we can only warn the reader to pay attention to the defini-

tions used by each author and compare them with Table I, II, and III or

van de RHlst's book. From there the reader will be able to arrive at a

conversion f ctor, if it is really necessary.

7. Odd paramters. Problem arose in compiling our tables when

the athor did not use our basic system of n and W in giving his results.

For exaupe, we will find that an author specified only A and T-and refers

to a specific chaeena substance for the refractive index at those A's.

Frequntly the souroe for n is listed, but not the adapted vmlue of n.

We hve not checked further since we ae not sure what values have been

us " for the mputations. In such cases we give the information as it

?appeasz in the listed source and have refrained from a conversion Into our

47uytem. i applies especially to section IV.
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8. Foot otes. At tim it seemed necessary to add a footnote to

a specific lsting. This is done only rarely and to save space in the last

column. The footnotes wre collected at the end of each section, (3.1, .1,

5.1 and 6.1).

Footnotes re indicated by (7I, 12... ) in the last colum.
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TAKE I

EIUIIITIONS AND SDBOI

This Bibliography v.d. ulat

r radius of particle £

A wavelength& of light A

n complex index of refraction 5

W. U~ - fl~ - in'

n real part of refractive Index n

n refractive index for non-absorb- a
Ing particles

complex part of refractive index n

0( size prameter, (- 2fth/$ x; r1

JO nomlized size paraeter P - 2x(a-l)

0- 2 0((n-1)

K Total t.i scattering coefficient Q Efficiency factor for
scattering

Total mie scattering coefficient %sca Efficiency factor for
(for complex index of refraction) scattering

e  Total Ide extinction coefficient % xt Efficiency factor for
extinction

Total i e absorption coefficient qabs Efficiency factor for
absorption

* Scattering angle 0

1l.' 12 Angular scattering coefficients l, 12

el 02 Amplitude functions 81-1 82

a, ba Hie funetions san bn U'e coefficients

Sr Aniar functins /^n 3n
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TABIZ II

F 1MU ITIOTIWO, BATWM, AND ABSORPION

2.1 xtinction e~mj 2 (20+1)Re (a. + b.)m NeO 1(

2.2 Sattring Im . 7(24.1) 1% 12 +1Iba 12)
o.2

m~ (2wl) [Re1% 1 2 + .1% 1 2 + Re 1.2 1~ 3 2]

2.3 For the particular case of nonabsorbing spheres (n real, including n -

lea e

2.i"Absorption e(.e2 -) e(a) ma2 + Re (bn)
Lr awl' a

-I b 12]

2.5 His coefficients

-a m~ole a1-&o
n a

vbswsA - -

and Bu t are related to spherical Uhuuel functions of half integral

order md of first, seond eMd third kind (REiaati-Dessel functions)

NoreYe-shbach, p. 1573
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TAIZ II

7MRIIA 70B AMMlA 8C*ITflII

3.1 Angula Hie scattering coefficients

r" 2 2 (g)j2

3.2 A plitud.e functions

2mi (+1) 3 P

am, b awe defined by Zq. (2.5)

I?, are Angular functions based on Legsndre polynomia"
7 d c1 - 1 (co* oJ

S-2. . -7r' sina

3.3 Radar arose section

- 1-
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TAXZ IV

The following abbreviations are used In all1 tables listing the existing

COMPatations (sections 3.1, Ig-1, 5.1 and 6.1). The abbreviations are s0-

leoted on the basis of avoiding subscripts, to facilitate typing and to sove

space.

a,b Hie coefficient: Re(%3 ), In(%~), Re(ba), Iu(bu)

8 Amplitude function: 8l * I~~'~

X Total Mae scattering coefficient: K

Y.0 it #Ii : eC

Ne Total bWe extinction coefficient:e

KM Total Hi~e absorption coefficient: K'L

I Angular Mes scattering coefficient: IlV 12

1 1/2 (i 1 + 12

P Degree of polarisation: (1 - i 2 )/(1 1 .+ 2 )

R Radar aross section: Eq. 3.3 (see van ds MAIst p. 2811)

0 Bims paraeter

o Scattering angle (0 - 00 In the forward direction)

U VablIshod, or microfilm deposited and available from Library of
Congress

L.C. Library of Cogress

2 Results given In tabular fors

G Results given In graphical form

D Dask calculator

C 11eetroumiceompiter

esmults not checkad

* Definition a, - 1800 for forwrd scattering. TUis will apply for
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TAIZI IV (cont. )

*Definition given in Table II or III not used, but similar parameter

listed, such as i.:/ 3 , K/O(

4 iumer of significant digits listed (in this came 4, e.g. 3.456 10 "3 )

5P Number of places after decimal point (in this case 5, e.g. 0.00023)

F Footnote, appearing at end of table
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III. NNA _ABCPaBIM SP_US

3.1 List Of existing computations for am,bM, s 1, S2 , II 2 and Kforono-
disperse isotropic spherical particles (Dielectric and perfectly con-
ducting particles).

The following table requires some explanation. The first column lists

a running number. This number agrees with the number in the references,

section 3.3. The second column lists the "name of the- author(s) and the

Vear of pau bication". The symbol U after the year means that the data are

unpublished. The third column contains the refractive index n.

The fourth colum lists the "range of .values". The accepted system

is used: 1(1)10(10) 100 means steps of AC0< = 1 are used between O( 1 and

CK - 10 and steps of &0( = 10 are given between o( - 10 and O(- 100. In the

older literature we find that uneven steps of 0( have been taken and therefore

we report the results in the following system: 0.5-5.7 [18] Which

the lowest O',alue is 0.5, the highest is 5.7 and 18 Q(values between these

limits are listed.

The fifth column lists the "tabulated quaitaie.". This is the most

difficult column to devise and a simplified system similar to that of v.d.

ulat and Penndowf is used. To use single space typing all subscript are

avoided If possible. The order of symbols (see here especially Table IV

for abbreviations Is a, b, then S, then K. then I or I, followed by less

frequent sybols, such as R, P. The listing "1 Q - 0(10)(180)" mans I1 and

12 ar listed for scattering anale 0 - 00 to 1800 in steps of &G - 100.

WIthout exoeption, 0 - 0 represents forward scattering, irrespective of whet

the author has used as definition for the forward angle. This is done so

tst the reader looking for a specific scattering angle can use the table.

h sy0ol 0 Ia the next oolui has to be watched. It Indicates that the
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author has used another definition for forward scattering, mostly 0' - 180.

In those cases where only i1 Is given it has been spelled out. If com-

pletely different quantities are listed like the angular distribution coeffi-

cient (references I&8, 49), the quantity has been spelled out.

The sixth column lists the form of "data presentation". First the

symbol 0 indicates that the definition 0' - 180 for forward scattering is

used by the author; hence, first the tables for i 1 and i 2 have to be watched

and secondly the tables for am and b. have to be converted according to

equation 4i. The symbols T and G tell you vhether the author gives the re-

mats in tabular or graphical form or both. Finally, the letter N indicates

that the source has not been checked. This applies to reports which I have

not sen, but the results have been quoted from another source, which I be-

lieve to be reliable.

The seventh and last column indicated the "ty of comptation",

namely, whether a desk computer u used or an electronic comuter or any

other type. This might be helpful because the program my be available

to those having simdlar machines at their disposal. The older computations

are naturally all "hand-made" or by a simple desk computer and liable to

errors of ootWaton. In those computations the term "reliable" or "un-

reliable" Indicate what we knov about the result in order to arn the user.

The term unreliable coms up whenever the author did not use enough term of

the series (equation 2.5). The electronic compter should lead to correct

resuts, but rrors can ep in, namly the program m contain a slight

error, or the mahine used an old tape at a certain portion of the cpte-

c or th program were written for one mahine but used by another

aMneie. Those errors a hard to find by just looking at tables; howevr,

paIMl representations will show It. The content and accuracy of tabu-
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lated values is also indica td by such spIols as "4s" or "5p". "h" mus

I significant digits ae givenj wheres, "p" mans 5 places are given after

the deciul point. If .11 the digits listed are correct is impossible to

check without knowing the details of the progrea. They are never published.

Thus, the term "accuracy" applies only in the sense that the author has

given a certain nuber of digits and he should know if the last digits have

any significance or not.

The remrk "based on (5)" mans that the author used data, mostly am

and bi-from referen e f.
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Author (s) Refractive Data I Type Of CoMP
No. Year of Publ. Index Range of C( Values Tabulated Quantities Presentation Accuracy

1 Rayleigh 1.5 1,1.5,1.75,2,2.25 i -0,60,90,120,180 O, #, T D, 4p, F1
1910 (0) ()

2 Schirrimnn 2.0 0.7-1-.9 [8] 1 0-o(2o)18o,90 0, T, G D, i4p
1918

3 Ray 1.333 12 a,b,i 25 angles N
1921/23 1.466 a,b,i 13 angles

, Shoulejkin 1.32 1,3, c- i#,p 0-0(20)60,90 unrel.
1924 120(20)18o, p

5 Bluier 1.20 1,1.5 &,b,i "-0(10)90P 0, T, G rel. except
1925/26 1.25 0.01-8 [19] (P for a fey values for large

1.333 0.1,1.5,3,12 only) and inter-
1.4.661 5 pol. values
1.5 0.01-4 [9] p
= 0.01-10 [7]

6 Stratton 1.33 0-o0 1/2K G rel. only
Houghton for (1 11
1931

7 Schoenberg 0-20 1/2K T rel. forC( (4
1932 based on (5)

8 casperson 1.50 0.2-2.8 [17] # ,b,K 0, , 0 nrel.
1933 1.56 ,i G.o(,5)180 6, 0

1.63

9 oetz 0-6 [18] 1/2K T rel.
1935

10 Zng1eard 1.k 0. 4, 4,6,8 i "-O(5)180 6, 0 rel. for
pries@ 1(0.5)3 i 0.0(10)180 0( e- 4, 11p
1937

11 Greenstein 2.0 0.1,0.3,0.5,0.8, 1/2K T unrel.
1937 1(1)5

___ 0.1,0.(0.2)1.o, 1/21 T rel.
2(1)5,10

12 lazaAJpO 1.33 4,(1)10,12,20,30 1 ".0(10)180 unrel. N
Nalk, Valdy
1939
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Author(s) efractive Data of Comp
No. Year of Publ. Index Range of o0(Values Tabulated Quantities Presentation Accuracy

13 Ruedy 1.33 O(46 K (#),a,b G D, F(2)
194i3/"il/0/8,7/4, 3748,7112 tI 0-0-180 G DO 12

32J/l, 21 )P 0.50-130 G

14 Langmuir 1.50 1-10 [1/2K T rel; D, 4s
193 2.0 1-5 [21] 1/2K see ref. (19)

15 Rubinstein 0-_0 R -180 N
Pell.,
1943

16 Peary, Scott 0-25 R 0.180 N

17 van de Hulot 1.0 9<23 T rel; D
1946 pm 0.5-10 I] K

18 Boll /3 0.3-18 Io] 1/2K, a, b, T, 0 rel;D; 4,5p
1946/48 0.3-6 (16 iP -o(1o)180 ToG lip

6.6-18 [L4] ±, 0.0(90)180 T 6 i
7,,.L"(10)180 T p

19 Barnes, [anyo 1.50 0.5-12 D8] Klisting of ref. TO rel; D, is
Zaiser, Iamsr (1,23)
1947

20 Nyde 1.75 R 0.180

21 Spendley 0-12 R -.180 3
191i7

22 lougton 4/3 9-2, [o1 K TO rel; ex-
Chalker trapol. to
1949 O - 50; D

23 Lmun 1.33 o.5-6.o [15] b,,Ki 0o(10)180 0, T rel; D,
1949 1. 4 a 3a(K)

1.50 hem or 6p
2.0 Sa (a,b,i)
1.50 6.5-12 .o] K
1.44(0.1) 0.5-7.00 K
1.55

24 Riley 1.486 0.5(0.1)3 a,b,Ki 0-0(5)180 6 ral; D

-48-



Author( efractive Data Type of Comp
No. Year of 1. ndex Range of O(Values Tabulated Quantities "sentation Accuracy

25 Anderson 0.8333 0.2(0.2)4.6 5-15 K G rel; D
1950 4.2,8 P1J - i 00-1801

1.25 0.2(0.2)16 K 0 partly
4.0,8 1 Q=0-180 unrel; D

26 Esaren _ 12.8 R 0-180 N
1950

27 Durbin 1.20 0.1(0.1)0.6(0.2) K,i 0-20,30,40,140, *
1951 1.2 150,160

28 Gumprecht 1.20,1.33 1(1)6,8,10(5)100 a,b,K,i 9-90 T rel; C,ENIAC
Sliepcevich 1.14,1.44, (10)200(50)400 14(Ki)
1951 1.5,1.6 6p (a,b)

29 Chu 0_ 0.05(0.05)0.5(0.1) K,R 9-180 T rel.
1952 1.5(0.25)5

30 De Bary 4/3 4.8-15 [18] i 9,30,60,120,150 • T rel; D based
1952 ,-=0(lo)18o and on (18) 4p

m - 1 to 25

31 Gumprecht, Sung 1.33 6,8,10(5)40 Si -0(1)10(10)180 6 T rel; CIBM
Chin, 602A, NIAC,
Sliepcevich 4
1952

32 Gumprecht 1.20 20,60 a,b,I Q-0(0.2) 1.4 @ T rel; C, IBM
Sliepcevich 0-O(0.2)1.4 for 0(,>10C 60PA, EIIAC,
1953 1.33 20,30,140,60,80, 0-0(1) 3 or 7, for 14

100,200,4 0 ( 80

1.44 20,b0,150

33 Goldberg 1.33 0.1(0.1)30 K G rel; IBM
1953 701

34 Kerker, Perlee 2.0 1.3-2.8 [] a,b,S,i P(#) 0-9O T, 0 rel; D, 4
p

1953

35 Penndorf 1.33 0.1(0.1)30 a,bKi Q0-(1)10(5) 0, T rel; C, IBM
Goldberg 180 701 105 (rel.
1953, U .4,1.4l. 0.1(0.1)30 a,b,K,i 0-O(1)10(10) to 4-5) for
... . 1.486,1.5 180 l__ arg
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Author(s) Refractive .Dta Type Of Cop
No. Year of Publ. Index e of O(Values Tabulated bantities Pres tto Accuracy

36 Boll 0.8 1 - 1.1 E.81 K T, G rel; C,
Gumprecht 0.9 1 -. 200 [20] K EINAC; 45
S]lepcevich 0.93 1 - 200 [25] K
1954 C= 1- g0 L27)] K

37 Gucker 1.33 3.3-18.5 [53) a,b,K 0, T rel.
1954

38 Heller 1.05,1.1, 0.2(0.2)7 YIV (spec. turbidity) T rel; D, 5s
Pangonis 1.15,1.2,
1954 1.25,1.3

39 Jobnsoa 1.29 1 - 19.3 [22] K T rel; D, 30
Terrell
1955 -. 5-25 71 K T

40 Johnson 1.33,1A o.5-6 [15] # R 6-10 T, 0 rel; 35,
1955 1.55 based on

2.0 R (23)

41 Kerker 2.0 3.3-12.5 11] i 0-40 T rel; D, 6a
1955 3.3-4-.6 [ 5] ,b rel; D, 6p
1955U(L.C.) 3.3-12.5 ab,i T N, D

42 Peandorf 1.0 10.2(O.2)15, T rel; D, 4p
1956 16-39.22 L13] K D2.0 .3-12.5 23] K T D,4p

__ .3-3.2 L] K T D, 4p

43 ponndorf 1.33 o.1(o.1)8(o.2)30 K (msoothed) T rel; C IM
1956 (1W45 701; 3* be"

on (")
k Pm=mzf 1.3,. 0 .1(0.1)30 a,b,K C, T , G rel; C, I*

olderf 1 ,14, 701 10e (a,b)Goldberg 1.44,1.4& 56 (K)
1956 1.5

45 Bsy, Stevart, - o.0(0,01)10,# Sfor R 0-180 0 T rel; C
Pinson, Price R# 0 5p
1956

46 Loan 1.1(0.6)9,5,10,20 R 0-180 N
1956, U

47 Siegel 0.32,0.532,1.06, 8, R :. - 180 N
1956, U 1.60,2.36,3.94,

3.20,.478
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No. Me of Puabi. Index Raw of oei! Vae "abuIww Smenttes prrnataton Agccu-ra&Cz

48 Clark, Cha, 1.33 1(1)6(2)1.0(5)30 "an" mfl. d:Ltr. T 5p, C, MIwk,
cburchl.f coff. based on (23)
1958 ,-M 25 7 G (28), (50)

)49 cb, clark, 0.90 1(1)5(2)10,20,25 1, "an" aMl.. dist. T C, XXDAC
Cbirchll coeff. b a n 0)
1957 0.93 1(1)5(5)30 (28), (50)

1.05 1(1)6 K(5m),,- (5p
1.10 1(1)6
1.15 1(1)6(2)10.15
1.20 1(1)6( 2)10(5)30
1.25 1(1)6(2)10,15
1.30 1(1)6
1.33,1.40, (1)6(2)10(5)30
1.44, 1.4
1.60
1.55,2.00 1(1)6

50 Polsagoe 1.05 0.2(0.2)7(1)15,22 s,b,K 6, T 5a(K),6p
Baler (2)32,39(1)41 (a,b) D for

Jacoson(7iC, n M
1957 1.10 0.2(o.2)7()1l for'7

1.15 0.2(0.2)7
1.20 0.2(0.2)15.2
1.25 0.2(0.2)7
1.30 0.2(0.2)7

51 Walter 1.33 6(2)12,15,18,25, 8,A 0,90,170(1)180 T D,C,IzN 650,
1957 30,4.,60 he

90,120,180,250 8,i 0-0,90,170(2)180
6,10,18,30,60 a,b,S,i 0,90,168 T D,C,I3m 65o,

(2)180 kp(a,b )h
(810

52 No 1.33 5.5(0.5)10 s,1 G.o(5)180 T D, 3a

1957

1958 1.33 10(0.5)18.5,30.2, 8,1 ".(2.5)180 T D, hie
10,8,14.3,1.70, rel. for 3s,
16.2,16.3 C. 18.5

somebt off

53 Ashlep, Cobb 1.20 1,2,3,5,8,10,15, 8,1,I 00(10)180 ,T,G D,lke, rel.
1958 20,30,35 baedom

(28)

1958,11 1.20 emas, but 0-0(1)180 T D, hie

. . . .. .
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Author(s) Refractive Data ,y.
No. Year of Publ. index Pneo CVlc Tabulated Qjant~~uPetto

54 Doll, Leacock 0.6,0.7 1(1)10(2)20(5)100 a,b,K 6, T C, IM 650;
Clark 0.75,0.8, (10)160(20)200 5*(K)6,
Ch.urchill 0.9, (a,b)
1958

0.93 1(1)5(5)80,95(20) m
135,160,200

55 Walter 1.33 10(5)80 1 0-0(10)170(1)180 T C, II 650;
1959 Se

85(5)100(10)200 1 .Os90,150,160, T

(50)4w 170(1)180

56 Meehn 1.75 0.1-4.0 [22] K T 4a, 3s; D?
Beattie
1959 o.6-3.6 [101 1. -0, ,90,1.0 T.-, D

12 0.90 Partly ne
pol. acm 1T

57 Rller 1.05(0o5) 1(1)15 1 0.0;i(0)/1(180) T, 0 D, based on
NAS. 1.30 (50);6a

1959 1.20 0.2(0.2)15.2

58 lfUl:eLd r 1.33 85(10)10(10)200 £ 9.10(10)1.0 C, IM 650
1959 (50)o00

59 Gie 1.33 10 ± 00(10)180T C,Slm
1959 1,3,111 ± -180 0 202; e

1-15 P e.6o a
1959 1.33 0.5(0.5)7(1)15 1 0.0(2)180 T N

60 erker 1.20 0.2(0.2)7,1.06, 8, £ 0..5,90,145 T 131 701
mattevi 2.02,3.91,4.26 Bse4 n
1960 (50)

61 cbromy 0.5(0.25) 0.2(o.2)2.0 K # C,IN, hp
1960 3.0

0.5,0.75 0.2 a,b T hp
3.0 2.0 ab T hp

U(L.C.) m ,b T N

62 wirley 1.831 0.5 - 5 K 0 D I
1960
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5o. Year of Pubi. Index of O lueu Tabuli _uatities r.enMtatiOoa AMC-racy

63 Guckor 1.W1-5 18.1. 1 0.0 (1)180 G C

1960 i.W8 18.5(0.1)19.1 1 0.50(1)10 G

1960,u 1.,86 0.1(0.1)30 5,1,1 b(1)180 T C, IN;beemo (35)
1.5 .12,15.8,18.2, 1 0.0(2.5)18o T

20.5,20.9
8.4(0.1)18.8; ± ".o(1)180 T
20.2(0.1)20.6

61 Pommmls 1.05 0.2(0.2)7 1,1 0.0(5)180 *,#,T C,Unbiac 1,
Bolle (0.05) 5p
1960 1.30

65 moo55 0.5-2.6 [12] *;#0,o,1So, C, Interpol.Matste .117 P a./90 bae an 423,
1960 1.76 28,56)

Patyun-ol.

66 Peaniaf 1.33,1.k, 0.1(0.1)30 1#, I ONO 0, T C; based, on
1960 1.1,1.5 (35,31,57)

1.05(0.05 (1)15 1, I oo G, T
1.30,
1.33 35-00 -, I 0.0 0, T

67 me-n, 1.65(0.05 :5(0:1)1 ( 0.0) K,,1 0.0 T C, univac
ur 1.83,1.83 .,2.5,2.6(0.2)6 1103, 5,

1961

68 oleve 1.33 1(g)1. 0 i -0(2)18o T Sit a

1.33,1.l 2,50 1 e.0(0.5)180

1.33,1.5 l0 1 0.0(0.2)180

1961m 1.33 1,5,10,15 1 1-o to 180 0

1961b 1.33,1-5 25,50,100 1 g.o to 180 a

69 iermemniuon 1.29 0.5(0.-5)30 KA "(5 o 2.5) T C, I34 701.,
Clmen180 slected 0 7090
Ties"e 1.315 0:5(0:5 )IOin Publica-
1961, U 1.3 0.5(0.5o tme

1.44 0.5(o.5) 0

1961 1.525 0.5(0.5)70
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....Autrho-(a) Datav TM' 0? v afc"u

so. Year of Pi. Iis of oV-l,,-oabu Taki.a.. 1 u Wmtlti .. Z"enftatioC Accuracy

70 Kerker 2.105 0.2(0.4)6(0.2)15 K,1 0.O(10)180 O, T, 0 IN 70h
MtJevich 0.2(o.4)5.8 1 0..5,135 for 5.8
1961

71 Ponaor 1.33 0.5(0.5)15 1, Q.0-180 G based a 35
1961

72 Korker,rston 1.60(04.4 0.1(0.1)10 K, 5, ± 9-0(10)180 T C, IN 70,
mati ei'c 2.08 for o( 15
1961U(L.C.) 7090 N

.1A821; 0.1(0.1)230(2) K T N
2.1050 3

1961 1.81, 53 K 0
2.105 10 K 0
2.0

73 Korker 1.4821, .1(0.123 (1)53 K T bedmal
mstov1 2.1050 0.1(0.1)23(1)53 (72)
Nat:jevlch
1962

71, Namr 1.7067 0.1(0.1)10 K,1 0-35(5)145 TG C, 3m 1620
ottwill
1962

75 Glee, de Br 1.5 D.2(0.2)159 Kl 00(1)10(10)180 T, G 11 a
au.riab ( sa mpe) ae 20

1962

1962U 6-1X9(2)171

76 Pwmdorf 1.33 ).1 - 100 I , 90,180 0 baeed on
1962a 1.33 ).1 - 30 I 0-0,10,20,140 (35)(66)

196 b 1.33 - 30 , b o" an
(35)(66)

1962c 1.33,1.. D.1-30 if, I go0 0 based on 661.1., 1.5
1.05.05) 5- 15 , 0.0 0
1.3
1.55,1.75, - 7 i#, I -o 0
2.0
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TowYne of Publ. Udem - AM ofC VelmaS Tabulated aantitles Presnetatlon Ac-eurac1

77 Rmv-Sttian, 1.25 0.1(0.1)10(1)20 1 0.0(2)10(l0) T C, ftul
1962 W350 170(2)180 0NMES at

ordlinator
II., 58

78 'Rowell 1.W% 18 to 24. posilm of ma and 0 base on
1962 win 00to 180 (63)

79 Deir*=M3±an 1.29, 0.5(0.5)1 s Gin, 180 T C,iU6 7090
1963 1.315, 0-(- I..

1.525 0:5 0.5 E

4s0

80 Nenmoof 1.5 0-15 i,,6.-18ot anc

81 m ls, 1.33 0(0.1)30 £0 .9W T C,Facom

1963
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Footnotes

#1 Informtion copied from v.d. Hulst. Seems doubtful. I believe Rayleigh

used radius " not Q( and log cos 0. No thorough check has been made be-

cause the results have only historic interest.

#2 It is not quite clear vhat refractive index has been used. In the first

paper - (1-0.031) Is mentioned, in the other papers no value for n

is given. I believe, however, tht al, a2, , bl, b2 are Identical in

all three papers. The value of 0Cis not correctly stated in v.d. Blat

(P. 168, because 1edY used CC' - 2
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3. 2 List of Computations arranged according to Refractive Index

This table has been prepared to list the computations for increasing re-

fractive indexes only; the author number for which data exist has been in-

cluded. Those being considered not reliable have been excluded.

In addition, a figure shows the range of a values for all n for which

data exist. Naturally it gives only a general picture, but even that might be

helpful.
3.0 I I I

2.8-

2.6

2.4

2.2 . ........

I .6
1.4 .. . . . . . . . . . . ..

1.0

............ . . . . . . . .. ... . . . .

0.6 ......... ....... . . . . . . . .

0.4

0.2-

01 ~ t  
I I I I I I

I-10 20 30 40 s0 60 70 s0 to 100
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n Beference n Reference

0.5 61 1.5. 79
0.6 51. 1.55 10,76,79
0.7 5 1.56 8,79
0.75 54,61 1.6 28,72
0.8 36,5 1.63 8
0.8333 25 1.6A 72
0.9 36,49,54 1.65 67
0.93 36,49,5 1.68 72
1.0 17,112,61 1.7 65,67
1.05 38,11g9,50,57,61,66,76 1.7067 74
1.1 38, 49,50,57,61,66,76 1.72 72
1.15 38,119,50,57,64,66,76 1.75 20,56,61,67,76
1.2 5,27,28,32,38,4.9,50,53, 1.76 65,72

57,60,64,66,76 1.8 67,72
1.25 5,25,38,149,50,60,61,6,

66,76,77 1831 62,67
1.29 39,69,79 1.84 72

1.3 38,1.9,50,57,64,70,73,76 1.85 67

1.315 69,79 1.88 72

1.33 3,5,6,12,13,18,22,23,28, 1.9 72
30,31,32,33,35,37,4.0,1.3, 1.96 72
11, 4,1.9,51, 52, 55,.58,59, 2.0 2,
66,68, 71,76,8. .,1,23,34,41,4,61,72,76

1.34 69 2.0 72

1.4 28,35,114,66,76 2.08 72

1.441 10,23,32,35,.0,.1,66,69 2.105 70,72,73
76,79 2.2 79

1.66 3 2.25 61
1.1661 5 2.5 61
1.hft3 72,73 2.75 61
1.w86 24,35, 44,63,78 3.0 61
1.5 1,5,8,14,19,23, 28,35,1.,59, - 5, 7, 9,11,15,16,17,21,26, 29,

61,63,66,68,75,76,80 36,39,1sh2,15,16,1.7,51
1.525 69,79
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3.3 References
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In sections 3.2 and 3.3.
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IV. ABSORBING SPfS

4.1 List of existing computations for a, bla, 81, 82 i 2 '~

wn relateda fuins or- coeffici-ents for monodisiarse isotropic
spherical particles -(dielectric particlea)

The followiag table requires again now explanation. The first colum

lists the ru~nning number. This number agrees with the number in the refer-

ence, section 4.3. The second colum lists the "aim of the author(s) and

the year of publication". The symbol U after the year maes that the data

are unpublished or deposited as document in the Library of Coagress. The

third column contains the refractive indexr according to Eq. (1). Values,

from authors vho used Eq. (2) sad (3) have been transformed to our system.

In som cases, if It has not been stated accurately, no data are given In

this colum.

The fourth column lists the type of compound to which it applies, such

as Au In ,or carbon, or water droplets In air (m10).

On fifth colum shove the appropriate spectral range for which this

vlue ofTeand the compound apply. V (visible),, IR, (infrared), R (radar)

are the symbols used. They "onm to be clear. Somtims the wavelength Is

also listed for V and IR the numbers are given in a , for R In ca.

The sixth colum sohme the "range of 0< values". This system Is the

sam as in section 3. The seventh colum ohms the "tabulated quantities".

The eighth and. ainth colum is again similar to thos in sectio 3.1.
Data for some water and ice mixtures and pure water and ice are

given in section VI.
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4i.2 List of Cogutatioms ar seg aciokrdiuf to Refractive Iudez

Instead of a listng, ve have prepared a figure in vhich the ordinate

epresontsent , the real part and the abscissa w, the ilaginary part. Iach

point in the plane represents then a refractive index for which the saxi

type of computation has been accomplished.
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V -* HMODIBMtSE SYS16 OF ISOTROPIC SPSRICAL PA.TICIZS

5.1 List of existinE computations

The list has been prepared in a form similar to 3.1 and 4.1. The important

column here is the "size distribution" used by the author. We have cnly indi-

cated the type of distribution function used; for detail one has to read the

original paper. It seems impossible to list an exact formula for each case.
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VI. TWO OR MORE CONCENTRIC SPHERES OF DIFFERENT REFRACTIVE INDEX

6.1 List of computations

The list has been prepared in a form similar to 3.1 and 4.1. The re-

fractive indices ni and n indicate the refractive index for the inner corea

and the outer coating, similarly the symbols DCi and 0( a or ri and ra

indicate the size parameter or radius for the core and the coating;

i.e., ra is the thickness of the center shell; q = ri/(ri + ra).
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6.2 ATLAS OF SCATTERING DIAGRAMS FOR n = 1.1, 1.2, 1.33, 1.4s 1.4 and 1.5

The diagrams for n - 1.1 and n = 1.2 are based on numerical data published
by Pangonis and Heller, the rest is taken from our unpublished listings. The
diagrams for n = 1.33 and n = 1.5 are repeated from earlier reports.
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6.26 Atlas of scattering diagrms
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